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EXMFlﬁ 7 \Urn Problemn

An urn alwm{s contauns 2 balls (red or blue_j,

. At cadh stage, oo ball is \mmlomly thosen <
f 'I Hen H;Flagec{ b}’ o new ball :

— same color w{fmlo- 0,9
- DPFos{k wlor w[lwob. 0,2

K. |F l'hi‘h'od\y both balls are h:cl, what s tHare PVOb.
Haat the S* Lall seleckd s ved 2

Fvst define a MC.

Note . Probability Hud selechan s ved is defermined L-/
Hae OomroSH‘faV\ of urn at hme mﬁ ge[edion,

Led Xu = # of ped balls m urn after the - celechion
(é,meluemen{»).

S:{o,l,L_Zf ; an:V!=0/'/~-3 s a MC.
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change  wolov (w/pob.0.2) = 05 (02) = 0.
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Example 8: Eight urns

Suppose that balls are successively distributed among 8 urns, with
each ball being equally likely to be put in any of these urns.

Question: What is the probability that there will be exactly 3
nonempty urns after 9 balls have been distributed?

Define (oc(,up(el) all O’Ylp{'\/ (only af hime D)

Xn = number of nonempty urns after n balls have been distributed.
[4

The desired probability is P(Xg = 3). g= ZO, l, Z/ c=) ‘B}

, &(LU acwp:’ei
PXn = n=0,1,...§ s & MC w| hansihion P"“b w ot least 1
. ball
P =5 = 1- FPe,en o
for (=0,1,.--,9
fuj Py = 3
o = 1-%=3
Example 8: Eight urns (cont’d) Xn strk with O OCMP{QL orh$
P(Xo = 3) = P(Xo = 3|Xo = 0) Yn starks wibh| 1 otcupied urn
= P(Xo =3|X; =1,X = 0)
= P(Xo =3X =1)
—P(Ys=3Y%=1) <ince Po, = |
_ P

See hext Pﬁ\'

P=7
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Example 8: Eight urns (cont'd) -

Another approach: States 4,5,...,8 cannot decrease to state 4.

¢ . Whenever four or more of the urns are occupied, fix the state as 4.

state Y

/ 2 % Y
([ 1/8 7/8 0 0
p 2| 0 2/8 6/8 0
2 o o 3/8 5/8
4\ o o0 o0 1
0.0002 0.0256 0.2563 0.7178- L DA
pt 0  0.0039 0.0952 0.9009 15.0452
0 0  0.0198 0.9802
0.019%
0 0 0 1 _,
O /
P8 — pipt “
P® = 0.0002 x 0.2563 + 0.0256 x 0.0952 + 0.2563 x 0.0198
+0.7178 x 0 = 0.00756
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Example 9: Coin flips

e —————

Let N denote the number of flips until there is a run of two
consecutive heads.

Question: Find P(N < 3).
Define X, = i consecutive heads at time n. S = 501 l, A }

Intuitively, P(N <3)=P(N=2)+P(N=23)
= HH& + THH
= Po1P12P22 + PooPo1 P12

This is the same as P((,.f,). (All possibilities that 0 — 2 in 3 steps)

S) X3:7— & N<3
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