[Lectore 1] Sh 753 ool @

?Xf onenhal  Dishibouhion

[Rof: Models 5501 -52 )

dﬂii A ronhnvaus vandom vertable X has an
GXP'OV!/QH’HG\,! dg‘ﬁf“/‘i!ﬂ\)’h@ﬂ wiHA F@WLM as{e,;» P (A>O)
/'1£ |\+S PDF /~S

F = ke—kx/ X.>/O £
O y otherwise A
CDF A OI X
x
- X
Flx) = J%)dt = J =, Xz
v ® othermse.

Mean. E[x]: J)-‘*

. L
Vinance. @ Var (X)) = Sz




Pro PQ/V-HCS

@ /@wjééﬁ: /ID(X>S+{: /X>{: = P(X>SS—~

T e .

for all s,t % 0

/mLWPVﬁ' chon + et X= [fhme o an inshument
(device)

If Yhe instvment works at Hime t, then
the futue ifAme has Hhe swme distribuhon
// s e ovﬁ{n,wl lifetimu

/
// Note . Ex{)onen%mvl s fhe ME\/ conhinvous dishibotion

pith this property |

= This proper vLy wikes the €xpPo nantial  istin
casy o cumi»/”ea 3 useful fov meMJc

\
v &j- An tlem Fhat has been 1n vse for [0 hrs 1s as ﬂooi
A< o new 1tem mja,rctg to Hhe dmount of-

Hnwe Mmaéij; unh | Hoo e *Hu'lsf

X = min [X.}.-\/ Xn) s eXPonmﬁ‘UZ with el
X=X+ ot A



Eed’um H ¥ Stat 753 fovf1% @

Pandom Sum of E;(Pom,ux‘ha,b

L(’.‘F X,),../ X  be C.C(O{~ expfonw%‘d RV‘S vwith erLJE>O_

PDE of X,

(for all ) WE(x):/Be_}3 ;X7

The [som X=X +.-- + X, & a Gamma. clz:%nbu‘kc( Rﬂ
with  pausumeters  X=n  and IQM

Xwﬁcummﬂt(n,/z>

PDF of = = ” n-r -
. X: 4 0oe Fﬁﬁ X7

Q. What it +he Xc's are NoT yiod. ?

Svppose X v exponential (3;)
Assome  all vates e d,t—%m'ﬁ‘ X F )J' ﬁr 57‘\}. .

)X:X.+-*'+)<n /s o AZEoexPowc&%M RTJ

n
_ - XX
POF: £,69= 2 Cin i €
L= ¥ Use wmvobﬁons
+o dertve Hils
whaire on = 7T -

JFL /\J >“



Note . Thie PDE 1¢ not a mixture of expomwﬁ‘a,( RVs

since  Yhe Cg/n‘s cen be Mjwﬁv&‘. %Lnéﬂ_c _
i M“\?/L) ’ =1 J# L/“-‘

Mixhowes : IF X has- COF Fr o (é=1y,n)

ard Q>0 St Pt dp =] & Mixia
/ probabi liheg

F(x) = Plf:/(x)4— "‘+?nFn(X)

= 2.?; E(x) s ealled & mixtue
(= otL “H’WL— FL_/S '

Note : PDF of the imixture

—_—

d Y B
1% F&) = 2 P; -ﬁt‘ (<)  whue £ = PDXF of
L= :

e - A mixture of @xponmﬁcd RVs 1s cadled a

PR

1/17'ng expo nenhal RV .




[Le&we /ﬂ St 753 loliz]iz (3)

Hazeard Pate

LC{' X be a Pog:%‘yg/ continuous W vfo\
poF F _oumd CDF F

Stxy= POX »=) = 1= P(Xex) = 1- F(x)

/Téu\rv:‘vc\,{ ’B/n(:{'fgn OIC X
/r(é) = #(‘g _  hazard vate fonchion
ala (aka. Gilne mk

mﬂff‘ﬁlﬁ\/ a/r‘ff, )

/n&/!amﬁ%’xin :orld) ref)he&wa‘éi tha cond(‘ffam gd Pmba—b{h‘f\/
Adens) of o t-vear old jlemn o ﬁ\\
y e i
or whaterer—

wmit of Hwe
you'm usc‘fj

Fov €XP0WQ"{T&Q dishbution :

W‘/‘j is this 711’\/6’,\7



[l).e%(s o F(0 = e , X>0 7
Stx) = |- Ftx)y = | —(/’@““) = e

A

F) = Ne rF )

Polsson Process

- TyH 01£ ooun%‘vj} Pmcess ) covirection it U

Cxpo wnhal  dista b uthipn .

T Simple 3 Wftidy used  shthashe precess fov
modeling Hie times at which  corrivals  enter a

Sys\k}m.

Examples

. (wstonmers  odriv "If? ot o Store
2 Fle Vf-?ve-STLS o o Lelrvel
2 Trffe acu domts at an intersechion

fime of fhe
Xo = M arnvel

/1

Y 1y Y; wad %y h‘m\&,ﬁ ‘
\(‘ JJL\ /\/z/“ AN beean -1 ¢ ke
] VAl

-
T
N

hime .
6 h K M X;=2 Yy

k=l



¢ If s<t , tun N(s) £ N&)

o for SC&, N(t) — N(s) et/ucds +Hhe nuim ber DWC

events Huat occur in e inderved (5,47
Shoppet-
P

InALfmeLer fncrements -
A mun’h‘fj fw cess  has fnderend,wﬂ' I\VLU/ILWW!{_S I}E 7’44,@

numbers. of evendts et ocwr i disjoint frme
I‘VLLU/\MJS adre. Md,ef;emc(ﬁnfl'_

E)(ﬂ/f/l‘\fk— : /’V(lﬁ) - Hw yluvmW 0\[ 6V6VV!§ \H'k((;‘_ oCLuVv L’7
Haw 10.

N(o) st be independund of - N(15)= N(10)
7 jf\/
je- N(10)=N{o) # of “event Hhat occor betwesn
hhes 10 5 (S

—> This assumphon mﬁh% Le reasondds e fovr
Example 1~ 1n bﬁ:’nmv&a of- this cethon .

3y M:jh+ be unieasonable for other CO\)V!'H([] process
exawiplcs} €.9. Ex. 2. if He Soccer play er
had o hot sheak a4t end of



[Lechure 15 Shit 753 izhe O

Sﬁh‘omw /ncmwwm’;"s:
A Oowvﬁ/j process has Sﬁdﬁ’amwﬂ/ Incremonts A
\{’ht C[[SJ(V”auﬁ"Qin O1C e }’IUWLL&-V“ Oé f’/V\el/L'lL% ﬁ/l.ﬂb{' ol
In ou/\/\/ indes vl of Hime OQLPMC(S ! / on. the l_ag j:t\_
ol e Aime intorvad .

e, H# of events ju the interval (s, stt) has
He same distbuben V<.

— This CLSSUW\F’H@V\ s ot reasondble Hfor
L XMVI{DLQ 1 since Hw <thove most I(iceJV«f has
“rueh hours " (8:7, 12-1 5-¢ )
f\XM )OVS)/

Poisson Process

-

G(OC 1- let T, ) Tz/ .- Iae fn(f’,e/)—cnd,&m{‘ e,xf)om,m,'%)kﬁ [Z)

iz\ls M«"“"{- 56% gyj = ?'3 i Tﬂ 9 —Rﬂf h=Z| a/\d To: O .

Define. N = maxin:Saztl, Tun [NE):A20 ]

Is o Poisson Process .

T T T3
I e W o W i
! l ! | —
O S, A S, - 7L7KVVLL




e ' S o S~ ———
e p - .

N

/

5 TE '5 are  fHimes La‘fvv-ce//\ a}rn\vwl& \\>
o ° "“‘\,\\
/ Sn (s the oarnv «| ‘}fmf, owc y]% CArONn ]L

R

N(E) 15 Hhe # of arrivals by Ame ¢

.//-

A~ .
3 \ . 5 § R e
™ b A Y > ey Saiwe
e g ST S il e > " -

def 2 - The wunﬁr\tﬁ process SN&\ o 7/0} Is oo

————ee

Foisson pirocess with vale X > O £

(¢) N(o)=0
(c¢) f N(t) : €= oS has im{sz dent Tnoremants
re. for any Dt <t <o <, <09
N(ts) | NN, .., NE) = Nitan)
ore ol independ ent RVs
() N(s+t) =N(s) ~ Poisson (nt)

[e. Hu number of eventz In oua)/ thLcVVGLl of /cn\gH\ t
"BHOWS . Poisson c[,t'gh"(builiam with vate )i

/" >
- Mean, /c!’lj%\ o\C
j'{ ForHewr De’fzbﬂli*% : Fimd inderva
o P(N(%+/'\)"N[Jc):l> = >‘l’l+o(lq>
——
U e o of h

—_—

o PUNGR)-NE) 22) =0(k) [ f0ic g £
olk) 'F * hso T =0

e.s. -F(X):XL I's O(l\) 5 mce
— / ’I‘m _h’; - O [

I ~n~ IR !



[LeuLwc [S } Stat #53 fiFlr (D

Romorke :© Since the dichnbuvhon of N{st+) v(\J(s) i<
e  soume ﬁ)\r «ll S y it follows Haak Hae
Poisgon process has stahonory increments,
/

Foisson PV‘Q Cess PNFQV’H&?S

Let {NU') t 3t >/O} be a Tarssen process wuth ate X>0. ‘

E/Nw] = 24
wa[i\/(’c)} = x4

{ N(£) ~ Po;‘ssoﬂ(}%) 2 mait 5@&'@/&,@67)
N (s+4) = N(s) ~ POI\SSOV\CX{>

je.  P(N=n) = &7 (H4)
7 n!

Porgson
RV
rde At

2 likewise P( N (s+4)— N(<) :m> — @-)6 (%%Y\
for 2l < 30 | h!



E Xamp le Soppose  ustomus  wvive  at a Store acwvc((‘fﬂ

1o a Poisson  precess il vadke A= par hours Glvem
Wt Hu Store opns al Tam what st probabilidy
AH/wuL emoﬂ\/ 1 costomer  has  arrved Iay 7:30
ind o Joted of 5 hawe aurived b7 1:30 am

Compvte P(N(os5) = \>
7[

ji hovr , Since e Is (n onits of houws
[j{ ven by ratke PN"&&#‘:\L‘LW A )

- Compue P(N(25)=5)

. Compt/k +he M\@W«cﬁoy\ of Hreot orents

Ynd
b P(N(o5) =1 , N(25)=5).
j//ourrl‘l‘&
| v ) VAR N Y \ !
/ N NN /\. . N [ > .
0 05 2.5 Time
q g 9:300m T :l(?)i)wv\
) !
/\Yd e
P(N(o.ﬂ:] / N(z,s’)=5) = P(Ncos)—\ N(2.5)~ N(05)= H‘)
l’)o‘(’ \>~/ - Tw%oxc MJ‘-WWKQ
L,'(OSB L \j ’L
'WP 1(2) 4
B (4.05) « & 4
1! qi

~ 0.0155



[Lectwe |5 | Stat 753 it 3

/“WMHVGK{ é, W&iﬁm} Ty ])“S‘\Lrl'bu-h'o!/\

¢

NE A
5 T o 1550m
T Process
3T — 1N 2 0%
1T ’ —9
I 1 < Th T 1G]
At By AN ' TN ) AN I
N I ! I I S
Hmae +

5 = wm‘ﬁi’lj hime for He (H event , 2|

/4‘ SMV\PLQ P&‘H/\ Q\C’ “le wagg ZN(-&) I EES O} UFV’MFSH
by 1 ot each S¢

R. What s the Fmbot.fg:‘lijt'y distrbotion of the S,'s ? |

Sy= T 4Tt tT,
Whar e T; = +Hme of He fiel event ( &5 ,>
"[’2 = SL~_CI = (nterarriva] +rme la/f

st 4 9n2 epent

T)‘ = 3; _SJ'—l = interwrvival ime bt
¥ 3 eyent
J ) J CeCHY

. What s the distriboton  of Hre _G'/g 7
N o ———




Re._ca_;[l: Sum of n .4 e,x,oomz"d’\'rﬂ () RVUs j¢ a
s RV with FWWS ne X

Pelahon between Poisson é Comma. RNS

| et X ~ Poisson (h) Vv un dom \/aun‘avac

-A n

PDF of X: P(X:n) = & 7 v n=o0,1,1,.--

I’l! )\)O

o« P
Let \/ A C;,a.mM(L(n+1} j_) R\

X

= IR
PDF of Y : fp= 0y ¢ EY

?%\f <= hnt| /ﬁ:l

=) n+| _
‘_(Y CJ) = | ) - d*lj
Ji(n+1)
= ;’)—Ij j é 5
EV&‘JQV&?{'Q 'FDr =
= N n
< £ n= € A x00

nlt

L N

(O sume as POF of X sboe!



[Lﬁd“m ’5’\ Sht 753 oli#liF (&)

./RO& fonchon of >s/ @ 'S WPDFoF Y
Ao o funchon of n, %) w o X

Ad - P(Xen) = P(Yz))

i
SheRPe

R

\ ‘ 51550 CasieV \
Swvwxl OL(WL/L/{; o FPorsson Process %E%?Yocula

. Simwmlate  od exfaomuﬁfwg RVs  Th)Tp, ...
A‘J’wt k‘ﬁ—%? {-m(lc_ OF Sn:’r’ +“‘+Ty\

7w S‘)SZ/_“ )Sn oure. Hhe (‘L\/f’/l/ll(' Hhwes a‘p *Ha_(;
events  in dhe intervad  [o4] e

S 2 e s gJ

A ey native oufpwwd\ tov  simulafion

. Sinualade e number of eventz In [O,%] '
(/‘.e‘ a Porsson RV vt szym}{ = )%)

~

/. Given NHE)=n y 3@%&_ §,)“,/5n viac

condihona| dishibuvhon of Hwe Si's

™ vses oreer
sShbhshes .-



Lechre 10| Stat 753 ofmliz @

Genervali Zahon s o\c e Poisson Process

"MVHW‘FL& Yais50n ProcesseS

° Nonhomijuoxis Poigson Procwesses

o Ot (ﬁ»j- Spatil PP, Oow.fouvqu. PP, Marked PP,
Mixed PP > next week ! >

/V)uH'fPL& Poissonn ProcessesS

Lt’/‘» ZNé{j) ' ‘67/03 )7& A Po[SSoV\ PVO(,CSS VM, WH"L A.

Suppose  each ewvent, lndbfmdtmw all other ew,nfs
s dassified  as 4}/1%; ¢l K o vath probale Hy
pe éh =1 ),

| N ) = # o eventz of iLﬂDc(: chrn‘v\\j I
[O/‘bj )
Then 'ZNCCE) : '67/03‘ IS o ]DOI\SS\OV\ Process A

rale Aps for eadh ¢ 3 and Hese ane all
t%’e&fz&n@%{*.




Example
: (usio :
o Poisson P mexs  durive. ab a store accovdl
o voocs with vl XL S ” vcﬁ\ﬁn
v ic o . A Lppose Hoat
(:%W vt ]DmEoJa[L:\(—)/ L ek
(type 2)

Wi FZ/OL‘ <,
| o
@)= 4 of males e by Hme €

NM) = N+ No(E)

SN o
- 7 ° % {N;é{’ K
Poiscon procesces )‘ t20§ are ,"‘“&M-riw*{s
with ractes )(.L)
Z ) -

Sinte A 4
Pe s =2



	Lec15-16_Sp20
	Lec14_Sp20
	Lec15

	Lec16



